Due to the weak interaction of X-rays with matter and their small wavelength on the atomic scale, stringent requirements are put on X-ray optics manufacturing and metrology. As a result, these optics often suffer from aberrations. Until now, X-ray optics were mainly characterized by their focal spot size and efficiency. However, both measures provide only insufficient information about optics quality. Here, we present a quantitative analysis of residual aberrations in current beryllium compound refractive lenses using ptychography followed by a determination of the wavefront error and subsequent Zernike polynomial decomposition. Known from visible light optics, we show that these measures can provide an adequate tool to determine and compare the quality of various X-ray optics.
INTRODUCTION
The unique property of X-rays -to penetrate matter and their wavelength at the atomic scale -have promoted a rapid development of X-ray sources over the last century, leading to todays third generation synchrotron radiation sources and X-ray free-electron lasers (XFELs). In order to effectively make use of these highly brilliant sources suitable optics are required to focus X-rays and create small and intense beams confined to the sample region. However, it are these unique properties of X-rays that put stringent requirements on optics manufacturing and metrology.
1 Thus, most X-ray optics suffer from aberrations. [2] [3] [4] [5] In order to generate a well-defined wavefront and to further advance X-ray optics fabrication a thorough characterization of created X-ray nanobeams is a prerequisite.
Over the past years, scanning coherent X-ray diffraction imaging -known as ptychography 6, 7 -has revolutionized not only the field of coherent X-ray imaging due to its ability to image extended objects 8 with unprecedented spatial resolution 9, 10 and sensitivity. 11, 12 It also has become a viable tool to characterize X-ray beams thoroughly. [2] [3] [4] The algorithm provides the capability to reconstruct the complex object transmission function as well as the complex-valued wave field illuminating the sample all at once. 13 The retrieved probe function can be propagated back and forth along the optical axis using the diffraction integral of Fresnel-Kirchhoff, yielding the complete beam caustic.
14 The technique can not only be applied at modern third generation synchrotron radiation sources, 15, 16 but also at XFELs.
17
In this article, we briefly review common techniques to characterize X-ray optics and extend the method by retrieving the wave field in the exit pupil of the optics. We apply concepts and measures well known from the visible light regime, e.g. the Zernike polynomial decomposition of the wave field, root mean square and peak-tovalley wavefront error, as well as the Strehl ratio, to the field of X-ray optics. These pieces of information are not only vital to judge the quality of various X-ray optics and compare them to one another, but also provides invaluable information to improve current optical systems.
BASIC WAVE FIELD CHARACTERIZATION USING PTYCHOGRAPHY
We characterized a nanofocusing optics consisting of 20 beryllium compound refractive lenses (Be CRLs) with a radius of curvature R = 50 µm and a geometrical aperture of D = 300 µm. The experiment was carried out at the microprobe branch of beamline P06 of PETRA III at DESY. The X-ray beam was monochromatized to a photon energy of E = 8.2 keV using a Si-111 monochromator. The full-width-at-half-maximum (FWHM) X-ray source size S of the undulator is 82 × 14 µm 2 in the horizontal and vertical direction, respectively. In order to make use of a beam characterization by ptychography a coherent illumination of the optics is required, meaning a transverse coherence length ζ t D. With ζ t = 4 ln 2 π λL S and a distance L = 92 m of the experiment from the undulator source we achieve a transverse coherence length of 75 × 440 µm 2 , which is insufficient in horizontal direction. In order to increase the coherence properties at the experiment we used a single prefocusing Be CRL (R = 50 µm, D = 400 µm) at a distance of 43.5 m downstream of the undulator source. This creates a secondary source with a FWHM size of 11 × 1.8 µm 2 at 49 m, providing a sufficient transverse coherence length of 260 × 1600 µm 2 at the experiment. The aperture of the optics was defined by two pinholes with a diameter of 300 µm at the entrance and exit of the Be CRL stack. To characterize the divergent beam we used a strongly scattering test sample structured into 1 µm thick tungsten on a diamond substrate. The pattern is an array of 20 by 20 small Siemens stars each measuring 2 × 2 µm 2 with smallest features of 50 nm. The test pattern is placed in the vicinity of the focal plane as shown in Fig. 1 . The sample is scanned transversely to the beam in x and y direction in a grid fashion with a step size of 200 nm. We recorded 21 × 21 diffraction patterns with a DECTRIS Eiger X4M, 18 covering an area of 4 × 4 µm 2 on the sample. Our ptychography algorithm is based on the ePIE 7 and enhanced by a position refinement. 19 With the reconstructed complex-valued wave field and using the Fresnel-Kirchhoff diffraction integral the complete beam caustic as shown in Fig. 2a ) can be reconstructed. The caustic shows a clear signature of spherical aberrations, manifesting itself in paraxial rays focused further upstream (arrow in Fig. 2a ) than rays originating
from larger angles focused into the main focal plane. A slice through the focal plane, which we determined by the highest peak intensity, is marked by the dashed line in Fig. 2a ) and shown in Fig. 2b ). The central focal spot is surrounded by strong side lobes, which are enhanced in intensity owing to the spherical aberration. Often the focal spot size of the nanofocusing optics is used as a measure to judge their quality. A line profile in the x direction through the focal plane from Fig. 2b ) is shown in Fig. 3 together with a line profile obtained from modeling the same stack of Be CRLs with a perfect shape. For this we numerically propagated a flat beam through the lens stack, treating every single lens as a thin lens. To compare the profiles quantitatively the two-dimensional intensity distributions in the focal plane were normalized, so that both optics had the same total intensity. Fig. 3a) clearly shows a significant difference in the magnitude of the central speckle. The strong decrease is caused by enhanced side lobes, as shown more clearly on a logarithmic scale in Fig. 3b) . However, the determined FWHM focus size of 142.6(12) nm and 143(3) nm for the measured and modeled lens, respectively, shows no deviation. Since the size of the smallest speckle in the focal plane only depends on the numerical aperture (NA) of the optics, which is the same in both cases, this is not surprising. While the speckle size is a great measure to showcase the achieved NA of the optical system, other measures are needed to describe the aberrations of X-ray optics. Known from the visible light regime, the Strehl ratio is used often to describe the quality of a given optics by a single measure. 20, 21 It is defined as the ratio of the peak intensity in the focal plane, or alternatively the intensity on the optical axis, between an optical system and the maximum attainable intensity of an ideal optics. Here, we will use the peak intensity in the focal plane, as obtained by the Gaussian fit in Fig. 3 . With this we obtain a Strehl ratio for the stack of Be CRLs of 0.35. An optics is considered to be diffraction-limited, if the root mean square (RMS) phase error of the wavefront is 14 times less than its wavelength, also know as the Maréchal criterion.
22 This leads to a Strehl ratio of 0.8 for a reference sphere with a wavefront departure .,f'.1.
. hYia. .'`"e"W^- In the next section we use the retrieved complex-valued wave field for an in-depth characterization of present aberrations. While the Strehl ratio is a great measure for the overall quality of the optical system, it gives no insight on the specific type of wavefront deformation. Therefore, we will evaluate the wave field at the exit pupil of the optics and calculate the RMS phase error of the wavefront and identify the magnitude of primary aberrations by a Zernike polynomial decomposition of the wave field. Until now, we evaluated the wave field retrieved from ptychography mainly in the vicinity of the focal plane by calculating the beam caustic as shown in Fig. 2a ) that already revealed spherical aberrations on a qualitative basis. To make use of the full potential of the reconstructed complex-valued wave field in the focal plane (cf. Fig. 4a) we will propagate the field from z f by ∆z back to the exit pupil of the Be CRL stack at position z exit (cf. Fig. 1 ). The obtained intensity distribution and unwrapped phase are shown in Figs. 4b) and 4c), respectively. The aperture in Fig. 4b) is not completely round due to manufacturing tolerances in the two pinholes defining the geometrical aperture. In addition a small tilt of the whole lens stack due to alignment errors may clip the aperture. The dark spot is likely originating from contamination of the lens stack with dust. In the phase distribution shown in Fig. 4c ) the center of the spherical wave is highlighted by the dashed circles, indicating that the aperture is slightly off-axis.
CHARACTERIZING ABERRATIONS
To uncover slight wavefront deviations we subtracted the phase ϕ ∆z (x, y) of a perfect spherical wave
from the phase distribution shown in Fig. 4c ). ∆z is an initial guess of the radius of curvature being equal to the propagation distance from the estimated focal plane z f to exit pupil of the lens z exit (cf. Fig. 1 ). Due to the rotational symmetry of the Be CRLs and their weak absorption the aperture is dominated by the geometry of the lens and can be best described by a disk. To adequately describe aberrations of a circular pupil, Zernike polynomials 24 are commonly used. We can expand any smooth function f (r, φ) on the unit disk (r ∈ 
Zernike polynomials
With this orthogonal set of scalar polynomials aberrations on a circular pupil can be described. For optics with annular pupils or square apertures other base functions exist.
25, 26
After the initial subtraction of ϕ ∆z we fitted the first four Zernike polynomials
, and Z 0 2 (representing phase offset, tilt in x, tilt in y, and defocus) to the remaining phase error to compensate for a slight tilt due to alignment inaccuracies, and to fit the correct wavefront curvature. The unit disk for the Zernike polynomials was chosen as shown by the outer dashed circle in Fig. 4c) . When subtracting the Zernike wavefront representation from the phase error at the exit pupil we retrieve the residual wavefront deformation of the optics as shown in Fig. 5a ). The contamination on the lens also leads to additional features in the phase distribution, highlighted by the dashed ellipse for example. Other small features can also be seen on the lower right part of the aperture. These impurities are also faintly visible in the intensity distribution shown in Fig. 4b ). To quantify the strength of aberrations one can determine the RMS phase error in Fig. 5a ) and also the peak-to-valley (PV) phase error. Values are presented in Table 1 . The PV error reduces when the contaminated regions are masked. However, the RMS phase error stays nearly a constant. While the PV error gives a simple measure of the maximum departure from an ideal wavefront, the measure might give misleading information on optics quality. Since the area over which the error occurs is not taken into account, small impurities can increase the value dramatically, without much effect on actual beam quality. Here, the RMS error provides a much better value to quantify aberrations.
From Fig. 5a ) it is already apparent that spherical aberration is the most dominant primary aberration of the investigated Be CRLs. To measure the contribution of individual types of aberrations, taking astigmatism, coma, spherical aberration, and higher order ones into account, the first 37 Zernike polynomials Z The fit error shown in Fig. 5b) shows a clear sign of remaining spherical contributions not covered by the considered polynomials. In an attempt to increase the fit quality we used up to 137 Zernike polynomials to represent the wavefront more accurately. The remaining phase error is displayed in Fig. 5c ) and the coefficients are shown in Fig. 5d ). The fit improved from a standard deviation of σ 37 = 0.045 λ −1 to σ 137 = 0.025 λ −1 when going from 37 to 137 Zernike polynomials. In this way, the spherical deformation of the Be CRLs is well represented. Despite the need for higher orders to be considered in this case, Zernike polynomials provide a convenient base set to characterize X-ray optics. Their lower orders tightly represent Seidel aberrations, which lead to typical imaging errors. 
CONCLUSIONS
Ptychography has become an invaluable tool to characterize X-ray beams. With the combination of techniques well known from the visible light regime we have demonstrated several possibilities to quantitatively describe the quality of X-ray optics that go beyond current methods in the X-ray regime:
• The often used focal spot size provides a good measure to determine the achieved NA of the optics, but may not give much insight into present aberrations. We show that the Strehl ratio provides a convenient way to additionally describe the quality of the focusing optics by comparing the measured peak intensity in the focal plane to numerical models of the optics.
• A propagation of the complex-valued wave field from the vicinity of the focal plane back to the exit pupil of the optics gives access to a highly resolved and very sensitive map of wavefront deformations. This information can be used to determine the general magnitude of phase errors or to quantitatively identify the strength of Seidel aberrations by a Zernike polynomial decomposition.
• The metrology provided by these techniques can be used to model aberrations in X-ray optics and to identify manufacturing errors in great detail.
As most X-ray optics suffer from imperfections due to manufacturing limitations the demonstrated methods provide excellent measures to assess the performance of various X-ray optics and to further refine their quality.
